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Abstract
The nonlinear transport features of inhomogeneous chiral plasma in the presence of electromagnetic fields,
in rotating coordinates are studied within the relaxation time approach. The chiral distribution functions
up to second order in the electric field in rotating coordinates and the derivatives of chemical potentials are
established by solving the Boltzmann transport equation. First, the vector and axial current densities in
the weakly ionized chiral plasma for vanishing magnetic field are calculated. They involve the rotational
analogues of the Hall effect as well as several new terms arising from the Coriolis and fictitious centrifugal
forces. Then in the short relaxation time regime the angular velocity and electromagnetic fields are treated as
perturbations. The current densities are obtained by retaining the terms up to second order in perturbations.
The time evolution equations of the inhomogeneous chemical potentials are derived by demanding that
collisions conserve the particle number densities.
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I. INTRODUCTION
The classical formulation of physical systems may possess some symmetries which do not survive
in the quantum regime. One of the prominent examples has been the chiral symmetry of the
massless Dirac equation which is broken in the presence of electromagnetic fields. It is known as
the chiral anomaly which promotes some anomalous transport phenomena of chiral particles like
the chiral magnetic effect [1–3] and the chiral separation effect [4, 5]. There are similar anomalous
effects when the chiral particles are subject to rotations: The chiral vortical effect [6] and the local
(spin) polarization effect [7–9]. These phenomena can be viewed as noninertial effects resulting
from the observation of particles in a rotating coordinate frame.
The chiral transport phenomena manifest itself in diverse physical systems. We focus on the
relativistic chiral plasma transport. In the early Universe electroweak plasma can occur due to the
excess of right-handed electrons over left-handed ones [10]. Then, primordial magnetic field can be
generated due to the chiral vorticity and chiral magnetic effects [11]. This was also studied within
the kinetic theory by dealing with the distribution functions which are computed perturbatively
in the Fourier transformed electromagnetic fields [12]. The chiral plasma can also be created in
relativistic heavy-ion collisions where some experimental evidences of the chiral anomalous effects
may exist [1, 2].
When one studies the dynamics of a plasma, it is not possible to consider the dynamics of indi-
vidual particles, instead one should deal with the distribution functions. An intuitive formulation
of the chiral plasma is offered by the semiclassical kinetic theory after being able to incorporate the
chiral anomaly into it [13, 14]. Kinetic theory relies on the Boltzmann transport equation which
is known to be suitable in examining the properties of weakly ionized plasma [15]. In fact we deal
with a hot chiral plasma which is roughly neutral. Hence particles and antiparticles contribute on
an equal footing to the particle number and current densities.
The semiclassical kinetic theories of the Dirac and Weyl particles in the presence of electromag-
netic fields, in a rigidly rotating coordinate frame were established within the differential forms
method in Ref.[16], by generalizing the symplectic two-form of the nonrelativistic particles in ro-
tating coordinates to embrace the relativistic particles by retaining rotations nonrelativistic. There
exists another approach [17] where the chiral transport was addressed starting from a relativistic
kinetic equation defined in terms of the Wigner functions [18]. By integrating out the zeroth com-
ponent of 4-momentum, they obtained a three dimensional kinetic equation. These two formalisms
differ mainly how they treat the resemblance between the Aharonov-Bohm phase caused by the
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magnetic field, B, and the Sagnac effect due the angular velocity, Ω; namely the symmetry be-
tween B and 2EΩ, where E denotes the relativistic energy. In the approach of [16] this symmetry
is respected, however in the formalism of [17] it is violated in some of the equations of motions and
the measure of the phase space.
We employ the formalism of Ref.[16], where the Boltzmann equation without collisions has been
taken into account in calculating the chiral currents. We would like to explore the nonlinear trans-
port properties of the chiral plasma in rotating coordinates within the relaxation time approach.
The effects arising in a frame which rotates with respect to the laboratory frame correspond to the
effects caused by the vorticity in fluids. Now, the chemical potentials are inhomogeneous and may
in general be time dependent. The equations governing their evolution in time will be delivered by
demanding that the collisions conserve particle number densities.
We focus on the nonlinear chiral transport of inhomogeneous media generated by rotations in
the presence of electric and magnetic fields. We calculated the distribution functions by solving
the Boltzmann equation of the chiral particles in rotating coordinates up to second order in electric
field and the linear velocity arising from rotations. By employing these distribution functions the
vector and axial current densities as well as the equations governing the time evolution of chemical
potentials are computed. We will see that besides the Ohm’s law, the analogue of the Hall effect
for rotation and currents related to the fictitious centrifugal force, there are several new terms in
the chiral current densities. A similar approach was presented in Ref.[19] for the neutral plasma
in the absence of rotations.
In the next section we first briefly review the semiclassical kinetic theory of chiral particles in
a rigidly rotating frame. Then the relaxation time method which we adopt to introduce collisions
is presented. Section III is devoted to the calculation of distribution functions up to second order
in the derivatives of chiral chemical potentials, the electric field and the linear velocity due to the
rotation of the coordinate frame. The definitions of particle number and current densities are given
in Sec. IV. The distribution functions are employed to establish the current densities arising from
the rotations and electric field in the absence of magnetic field in Sec. V. We then treated the
electromagnetic fields, angular velocity and the derivatives of chemical potentials as perturbations
in the short relaxation time regime. The distribution functions acquired within this weak fields
approximation are employed to calculate the vector and axial current densities as well as the time
evolution equations of chemical potentials in Sec. VI. We then summarized and discussed the
results in the last section.
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II. REVIEW OF THE SEMICLASSICAL APPROACH
We would like to recall briefly the semiclassical kinetic theory of the Weyl particles under the
influence of electromagnetic fields, in rotating coordinates, following the formalism of Ref.[16]. We
set the speed of light c = 1 and the Boltzmann constant k = 1. We deal with the chiral particles
and antiparticles in coordinates rotating with the constant angular velocity Ω, in the presence
of the electromagnetic fields E, B. Although the nonrelativistic rotations obeying the condition
|Ω × x| ≪ c are considered, the centrifugal effects are not ignored. The Maxwell equations in
rotating coordinates are given as
∇ ·E′ = 4πqn,
∇×E′ = −∂B
∂t
,
∇ ·B = 0,
∇×B = 4πqj + ∂E
′
∂t
, (1)
where the electric field in the rotating frame is
E′ = E + (Ω× x)×B. (2)
The electric and magnetic fields, E, B, will evolve in plasma according to the Maxwell equations
with the particle number and current densities n, j, which must be acquired consistently. In fact the
main objective of this work is to establish number and current densities according to kinetic theory
of the chiral particles and antiparticles which are labeled by i : qp = q for a particle and qa = −q
for an antiparticle. The helicity states are denoted by λ = +1,−1, corresponding, respectively,
to the right- and left-handed particles. The Hamiltonian formalism is provided with the extended
symplectic two-form (a, b, c = 1, 2, 3)
(ωt)
λ
i = dpa ∧ dxa+ǫabcΩcxbνλmdxa ∧ dpm +
1
2
ǫabc(qiBb + 2Eλi Ωb)dxa ∧ dxc
+
1
2
ǫabcb
λ
icdpa ∧ dpb − νλ0ia(1−
1
2
(Ω× x)2)dpa ∧ dt
+[qiE + (Ω× x)× (qB + Eλi Ω)]adxa ∧ dt,
in terms of the Berry curvature
bλi = λsign(qi)~
p
2p3
,
and the “canonical” velocity
νλ0i =
p
p
+ λsign(qi)~
p
2p3
(Ω · p)− λsign(qi)~Ω
2p
+ λ~q
p
p4
(B · p)− λ~q B
2p2
. (3)
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It is derived from the (dispersion relation) Hamiltonian
Eλi = p− p2(bλi ·Ω)− qip(bλi ·B). (4)
In the semiclassical approach we keep the terms which are at most linear in the Planck constant.
Obviously, these are up to the Planck constants appearing in the definition of momentum space
volume: (2π~)−3.
The extended symplectic two-form ωt was utilized to establish the phase space measure (Pfaffian)
and the time derivatives of phase space variables as follows,
(
√
ω)λi = 1 + b
λ
i · (qiB + 2pΩ)−νλ0i · (x×Ω)− pˆ · bλi (qiB · (x×Ω)), (5)
(
√
ω · x˙)λi = (1−
1
2
(Ω× x)2)νλ0i + ei × bλi
+pˆ · bλi (qiB + 2pΩ)(1−
1
2
(Ω× x)2) + pˆ · bλi [(x×Ω)× ei], (6)
(
√
ω · p˙)λi = ei + νλ0i × (qiB + 2Eλi Ω)(1−
1
2
(Ω× x)2)
+bλi (ei · (qB + 2pΩ))−[(x×Ω)× ei]× νλ0i. (7)
The fictitious centrifugal force Eλi Ω× (Ω×x) and the Lorentz force due to the electric field E′ are
unified as
ei = qiE + (Ω× x)× (qiB + Eλi Ω). (8)
We define the chiral particle (antiparticle) number and current densities as
nλi =
∫
d3p
(2π~)3
(
√
ω)λi f
i
λ, (9)
jλi =
∫
d3p
(2π~)3
(
√
ω · x˙)λi f iλ + jλMi, (10)
where the divergenceless magnetization current [20–22] is
jλMi =∇×
∫
d3p
(2π~)3
Eλi bλi f iλ. (11)
The magnetization current (11), which has also been derived from the quantum field theory [23],
is important for systems which are not in equilibrium [24].
Distribution functions are defined to satisfy the Boltzmann transport equation,
df iλ
dt
=
∂f iλ
∂t
+
∂f iλ
∂x
· x˙+ ∂f
i
λ
∂p
· p˙ = (Icoll)iλ, (12)
where the collisions should conserve the number of particles:∫
d3p
(2π~)3
(
√
ω)λi (Icoll)
i
λ = 0. (13)
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By making use of (13) one can show that the 4-divergence of the 4-current (nλi , j
λ
i ) yields the
continuity equation with source:
∂nλi
∂t
+∇ · jλi =
∫
d3p
(2π~)3
[
(
1
2
dωλi ∧ ωλi ∧ ωλi )VMfλi
]
. (14)
By an explicit calculation one finds
(
1
2
dωλi ∧ ωλi ∧ ωλi )VM = 2π~λq2δ(p)E ·B, (15)
where the subscript VM denotes that the canonical volume form dV ∧ dt is factored out and the
Maxwell equations, (1), have been employed. Therefore the continuity equation (14) is written as
∂nλi
∂t
+∇ · jλi =
λq2
(2π~)2
E ·B fλi |p=0. (16)
Note that we keep terms up to first order in ~, so that only the ~ independent part of fλi contributes
in the right-hand side of (16).
We ignore the side-jump effects [21, 25] and consider a Lorentz scalar fλi . Thus, the 4-current
density (nλi , j
λ
i ), does not transform as a Lorentz vector. Although the magnetization term is
needed to define a covariant current, it is not sufficient in the presence of collisions as discussed in
[26] within a semiclassical approach and in [23] by means of quantum field theory.
We will consider the collisions within the relaxation time approach. The relaxation time, τ, can
be defined by specifying the scattering process of chiral particles and in general may depend on
the velocity. However, an acceptable approximation is to let the relaxation time be constant as we
do here. The consistency condition (13) can be guaranteed to be satisfied by choosing the collision
term as [27]
Icoll = −1
τ
(f − n
neq
feq), (17)
where the density neq is given by the equilibrium distribution function feq. However, instead of
(17), we adopt the definition
(Icoll)
i
λ = −
1
τ
(f iλ − f ieqλ). (18)
Thus the condition (13) leads to ∫
d3p
(2π~)3
(
√
ω)λi (f
i
λ − f ieqλ)) = 0. (19)
Actually, the time evolution equations of inhomogeneous chemical potentials consistent with the
continuity equation (16), are provided by the condition (19) as it will be shown explicitly. Although,
due to this condition only f ieqλ contributes to the number density, to calculate the current densities
and the evolution equations of chemical potentials one should be equipped with the distribution
functions obeying the Boltzmann equation (12).
6
III. SOLUTION OF THE BOLTZMANN TRANSPORT EQUATION
At first sight it might appear that the equilibrium distribution function should be given by the
Lorentz scalar Fermi-Dirac distribution
f ieqλ =
1
e[pµv
µ−sign(qi)µλ]/T + 1
, (20)
where the momentum and velocity 4-vectors are pµ = (Eλi ,p) and vµ = (1,Ω × x). However,
both the angular velocity Ω and the linear velocity due to rotation v = Ω× x, have already been
incorporated into the semiclassical approach as it is demonstrated in Appendix A. There, we further
showed that in statistical equilibrium the calculations of number and current densities yield the
same answer either if one keeps the fully fledged dispersion relation (4) with (20) or approximates
them by ignoring their ~ dependent terms. Therefore, we drop the p · (Ω×x) term in (20) and set
p0 = p :
f ieqλ = f
0i
λ =
1
e[p−sign(qi)µλ]/T + 1
. (21)
We deal with Eλi = p, so that the canonical velocity is νλ0i = pˆ. Thus the kinetic equation which
should be solved is
(1 + bλi ·Ai−pˆ · (x×Ω)− pˆ · bλi (qiB · (x×Ω)))
∂f iλ
∂t
+{ei + pˆ×Ai(1−1
2
(Ω× x)2) + bλi (ei ·Ai)−[(x×Ω)× ei]× pˆ} ·
∂f iλ
∂p
+{pˆ(1−1
2
(Ω× x)2) + ei × bλi +Ai(bλi · pˆ)(1−
1
2
(Ω× x)2)
+(pˆ · bλi )[(x×Ω)× ei]} ·
∂f iλ
∂x
=
−1
τ
(1 + bλi ·Ai−pˆ · (x×Ω)− pˆ · bλi (qiB · (x×Ω)))(f iλ − f0iλ ), (22)
where Ai ≡ qiB + 2pΩ. The derivatives of equilibrium distribution function will show up exten-
sively in the calculations, so that we introduce the short-handed notation Diλ ≡ −T∂f0iλ /∂p =
sign(qi)T∂f
0i
λ /∂µλ.
To simplify the notation let us only examine the right-handed particles by suppressing the
indices. Its generalization to antiparticles and the left-handed particles is straightforward. To
solve the kinetic equation (22) there are some approximations in order. Inspired by the solution of
the Boltzmann equation for nonrelativistic electrons in the presence of electromagnetic fields [28],
we start by calculating the distribution function linear in e and the derivatives of the chemical
potential. The former is equivalent to consider first order terms in E and (x × Ω). Note that
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derivatives of e are regarded to be second order for being able to solve the kinetic equation (22).
Although this is the standard procedure [28], it may be misleading in some cases even for the electric
field E due to the Maxwell equations (1). We will see that to overcome some inconsistencies caused
by this approximation, in some cases we need to choose E and Ω to be mutually perpendicular.
In the first order we set f = f0 + f1 and solve (22) for f1. If we retain only the terms depending
on f0 on the left-hand side of (22) we cannot take into account the A field, so that we should also
maintain the ∂f1/∂p dependent terms. By examining the Boltzmann equation one can observe
that f1 can be taken in the form
f1 = −∂f
0
∂p
(χ · p)− τ ∂f
0
∂µ
∂µ
∂t
.
Now our task is to find the functional χ. By ignoring the terms higher than the first order in e
and ∂µ/∂x, we acquire
−∂f
0
∂p
pˆ · [eµ + (eµ ·A)b−A× χ]] = 1
τ
(1 + b ·A)∂f
0
∂p
p · χ. (23)
We defined eµ by substituting E with
Eµ = E − 1
q
∂µ
∂x
, (24)
in (8). By expanding χ up to first order in the Planck constant as χ = χ0+χ1, where χ0 depends
only on the magnitude of momentum, p, (23) yields the following coupled equations
eµ −A× χ0 = p
τ
χ0, (25)
pˆ · [b(eµ ·A)−A× χ1] = p
τ
· [~χ1 + (b ·A)χ0] . (26)
Equation (25) can be solved as
χ0 =
geµ − g2A× eµ + g3A(eµ ·A)
1 + g2A2
, (27)
where g ≡ τ/p. By observing that the Berry curvature dependence of χ1 should be in the form
χ1 = χ1(b, b ·A), one can show that
χ1 = g(eµ ·A)b− (b ·A)χ
0 − gA× χ0 + g2A(A · χ0)
1 + g2A2
(28)
solves (26). Hence, at the first order in eµ the distribution function is established as
f1 =
τDλ
T
[
− ∂µ
∂t
+ pˆ ·
(
eµ − gA× eµ + g2A(eµ ·A)(1− b ·A)
1 + g2A2
+ b(eµ ·A)
)
−pˆ · (1− g
2A2)eµ − 2gA × eµ + 2g2A(eµ ·A)
(1 + g2A2)2
(b ·A)
]
. (29)
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Computation of the condition (19) for f1 reveals that ∂µ/∂t is at the order of ~.
It is awkward to calculate the distribution function beyond the first order. In spite of this, we
would like to obtain the second order solution f2 satisfying
D
T
(1 + b ·A−pˆ · (x×Ω)− (pˆ · b)(qB · (x×Ω))) ∂
∂t
(
−τ ∂µ
∂t
+ χ · p
)
+
D
T 2
(1− 2f0)
(
−τ ∂µ
∂t
+ χ · p
)
[pˆ · eµ + (pˆ · b) (A · e)]
+
D
T
∂ (χ · p)
∂p
· [e+ b(A · e)] + D
T
(e× b) · ∂µ
∂x
− D
T
pˆ · ∂
∂x
(
−τ ∂µ
∂t
+ χ · p
)
=
(f1/τ) [pˆ · (x×Ω) + pˆ · b(qB · (x×Ω))]− (1 + b ·A)
τ
f2,
which is required by (22). It is solved by
f2 = −τD
T
∂
∂t
(
−τ ∂µ
∂t
+ χ · p
)
+(1− b ·A)
(
−τD
T 2
(
(1− 2f0) (χ0 · p)(pˆ · eµ + T ∂(χ
0 · p)
∂p
· e+ T pˆ · ∂(χ
0 · p)
∂x
))
−τD
T 2
(1− 2f0)
[(
−τ ∂µ
∂t
+χ1 · p
)
(pˆ · eµ + (pˆ · b) (A · e)(χ0 · p)
]
−τD
T
(
∂(χ1 · p)
∂p
· e+ ∂(χ
0 · p)
∂p
· b(A · e)
)
−τD
T
(e× b) · ∂µ
∂x
− τDλ
T
pˆ · ∂
∂x
(
−τ ∂µ
∂t
+ χ1 · p
)
−f1 [pˆ · (x×Ω) + pˆ · b(qB · (x×Ω))]. (30)
Even in this closed form it is composed of several terms. Thus, we will take into account some
specific cases. We would like to recall that we dealt with the right-handed fermions which can
easily be generalized to the left-handed fermions and antiparticles.
IV. PARTICLE NUMBER AND CURRENT DENSITIES
The nonequilibrium distribution functions are subject to the condition (19), hence the number
density involves only the equilibrium distribution function, f0. By inserting the phase space measure
(5) into the definition (9) and discarding the terms whose integrals clearly vanish, the chiral number
density turns out to be
nλi =
∫
d3p
(2π~)3
[1− pˆ · bλi (qiB · (x×Ω))]f0iλ . (31)
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On the other hand by employing the velocity (6) in (10), the chiral current density which is given
with the full distribution function becomes
jλi =
∫
d3p
(2π~)3
{pˆ(1−1
2
(Ω× x)2) + ei × bλi
+ Ai(b
λ
i · pˆ)(1−
1
2
(Ω× x)2) + (pˆ · bλi )[(x×Ω)× ei]}f iλ. (32)
By means of the Fermi-Dirac integrals provided in Appendix A, one can readily calculate the chiral
number density, (31), as
nλ =
µλ
6π2~3
(µ2λ + π
2T 2)− qµλ
4π2~2
B · (x×Ω). (33)
In the calculation of nonequilibrium distribution function we treat the linear velocity v = Ω × x
as perturbation, moreover, the last term is at the order of ~ with respect to the first term. Hence,
we approximate the chiral number density as
nλ =
µλ
6π2~3
(µ2λ + π
2T 2).
We sum the particle and antiparticle contributions to get the number and current densities of
chirality λ :
nλ =
∑
i
sign(qi)n
λ
i , jλ =
∑
i
sign(qi)j
λ
i .
The total and axial number densities are defined as
n =
∑
λ
nλ, n5 =
∑
λ
λ nλ.
The vector and axial current densities are defined similarly:
j =
∑
λ
jλ, j5 =
∑
λ
λ jλ. (34)
Note that the electric charge and current densities are given by qn and qj.
In terms of the total chemical potential µ = 12(µR + µL) and the chiral chemical potential
µ5 =
1
2 (µR − µL) we find
n =
µ
3π2~3
(µ2 + 3µ5
2 + π2T 2), (35)
n5 =
µ5
3π2~3
(3µ2 + µ5
2 + π2T 2). (36)
Let us introduce the charge and “axial charge” susceptibilities:
χ ≡ ∂n
∂µ
=
µ2 + µ5
2
π2~3
+
T 2
3~3
; χ5 ≡ ∂n
∂µ5
=
2µµ5
π2~3
. (37)
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Observe that they can also be written as χ = ∂n5/∂µ5, χ5 = ∂n5/∂µ.
The calculation of currents by making use of the fully fledged distribution functions on general
grounds is formidable even if we consider only contributions arising from f1. Hence we deal with
some specific cases. The calculations of currents should be supplemented by the evolution equations
of chemical potentials in time, delivered by the consistency condition (19).
A. Current densities for T = 0
Although we mainly deal with hot plasma, to get an idea about the structure of currents we
first would like to present the T = 0 case. At zero temperature antiparticles do not contribute to
the number and current densities. The current density arising from the Fermi-Dirac distribution
function, (21), without any approximation is
jλ(f
0)T=0 =
λµλ
4π2~2
(qB + µλΩ)
+
λµλ
4π2~2
[
q(x×Ω)×E − q(Ω× x)(Ω× x) ·B − µλ
2
Ω(Ω× x)2
]
. (38)
However f1λ is obtained by keeping terms up to linear order in E, (Ω× x) and derivatives. Hence
it gives rise to the current density
jλ(f
1)T=0 =
τµλ
6π2~3
[3λ~
2µλ
∂µλ
∂t
(qB + µλΩ) (39)
+
µ2λe˜µλ − τµλ(qB + 2µλΩ)× e˜µλ + τ2(qB + 2µλΩ)[e˜µλ · (qB + 2µλΩ)]
µλ + τ2(qB + 2µλΩ)2
]
,
where we introduced the short-handed notation
e˜µλ = qE −∇µλ + (Ω× x)× (qB + µλΩ).
The divergence of jλ(f
1) yields the derivatives of e˜µλ , which are considered as second order as well
as second order terms in the derivatives of µλ, so that we get ∇ · jλ(f1)T=0 ≈ 0. On the other
hand for f1λ the consistency condition (19) leads to
µ2λ
∂µλ
∂t
− λ~
2
(qE −∇µλ) · (qB + 2µλΩ)− λ~qµλ
2
(Ω× x) · (B ×Ω) = 0. (40)
If we consider the current density to be the sum of (38) and (39), the continuity equation
∂nλ
∂t
+∇ · jλ = ~λq
2
4π2~3
E ·B
is satisfied as far as the time evolution equation (40) is fulfilled. However, we should approximate
also the current due to f0λ by ignoring the terms in second line of (38). But now to satisfy the
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continuity equation we should deal with the fields satisfying E · Ω = 0, and Ω × B = 0. This
inconvenience disappears when we include the second order terms.
Plugging (38) and (39) into (34) will lead to the vector and axial current densities at zero
temperature.
V. CURRENT DENSITIES FOR B = 0
The main objective of this work is to reveal rotation dependent nonlinear phenomena in chiral
plasma. In accord with this scope it is appropriate to consider the current densities generated
by the rotation of coordinate frame and electric field, in the absence of magnetic field. Thus,
throughout this section we set B = 0 in the expressions which have been obtained in the preceding
sections.
The current density which results from the Fermi-Dirac distribution, (21), can readily be ob-
tained by ignoring the centrifugal terms, as
jλ(f
0) =
λ(3µλ
2 + π2T 2)
12π2~2
Ω+
λqµλ
4π2~2
(x×Ω)×E. (41)
For vanishing magnetic field the denominators of (29) and (30) are independent of the energy, so
that we can perform the phase space integrals by making use of the Fermi-Dirac integrals given in
Appendix A. Actually the chiral current density arising from f1λ is calculated as
jλ(f
1) =− λτµλ
2π2~2
∂µλ
∂t
Ω
+
τq
(
3µλ
2 + π2T 2
)
18π2~3(1 + 4τ2Ω2)
[
Eµλ − 2τΩ ×Eµλ + 4τ2Ω(Eµλ ·Ω)
]
. (42)
At this order the consistency condition (19) yields
−(π
2T 2 + 3µ2λ)
6π2~3
∂µλ
∂t
+
λτµλ
2π2~2
(qE ·Ω−∇µλ ·Ω) = 0. (43)
Hence, ∂µλ/∂t is at the order of ~ and linear in E and ∇µλ.
To fully attain the second order current densities we need to take the trouble of calculating
a large number of terms. The ones originating from the centrifugal force related terms of f2 are
particularly lengthy, so that we ignore them here. Nevertheless for completeness they are furnished
in Appendix B. After some calculations the chiral currents which are second order in E, (Ω × x)
12
and the derivatives are obtained as
j
(2)
λ = −qτ2
(3µλ
2 + π2T 2)
18π2~3(1 + 4τ2Ω2)
[
∂E
∂t
− 2τΩ× ∂E
∂t
+ 4τ2Ω(
∂E
∂t
·Ω)
]
+
λτ2
π2~2(1 + 4τ2Ω2)2
Ω
{
− (1 + 16τ
2Ω2)
15
E2 +
(1− 12τ2Ω2)
30
∇µλ ·E
+
(1− 20τ2Ω2)
30
(∇µλ)
2 +
4τ2
15
[
(8 + 23τ2Ω2)(E ·Ω)2 + (8 + 14τ2Ω2)(Ω ·∇µλ)2
]
−(16 + 37τ2Ω2)(E ·Ω)Ω ·∇µλ − (7− 32τ
2Ω2)
15
τE · (Ω×∇µλ)
}
− 4τ
2λ
15π2~2
E(Eµλ ·Ω) +
τ2λ
π2~2(1 + 4τ2Ω2)
Eµλ
{
Eµλ ·Ω
30
(7 + 8τ2Ω2 + 16τ4Ω4)
−E ·Ω
3
(2τ2Ω2)
}
+
τ3λ
π2~2(1 + 4τ2Ω2)2
(Ω ×Eµλ)
{
3 + 4τ2Ω2
5
Eµλ ·Ω
−6 + 8τ
2Ω2
15
E ·Ω
}
+
λτ3Ω2
3π2~2(1 + 4τ2Ω2)
E ×∇µλ
+
λτµλ
30π2~2(1 + 4τ2Ω2)2
Ω
{
Eµλ · (x×Ω)(5 + 4τ2Ω2) + 4τΩ2(x ·Eµλ)
−4τ2(4 + 8τ2Ω2)(Ω · x)(Ω ·Eµλ)
}
− τλµλ
15π2~2
(x×Ω)(Eµλ ·Ω) +
λq2τ3
3π2~2(1 + 4τ2Ω2)
(E ×Ω)(Ω ·Eµλ)
− λq
2τ2
6π2~2(1 + 4τ2Ω2)
E × (Ω ×Eµλ)
− τ
2λ
10π2~2
µλΩ(∇ ·K) + τ
2λ
15π2~2
µλΩ(∇ ·Eµλ) +
λτµλ
5π2~2
Ψ0[Eµλ ]
+
λτ
12π2~2(1 + 4τ2Ω2)2
{
µλ∇×Eµλ −Eµλ ×∇µλ − 3τµλΩ(∇ ·Eµλ)
+2τEµλ(∇µλ ·Ω) + 4τ2(∇µλ ×Ω)(Eµλ ·Ω)
}
. (44)
To simplify the presentation we introduced the functionals
K =
χ˜0[Eµλ ]− 2τΩ× χ˜0[Eµλ ] + 4τ2Ω(Ω · χ˜0[Eµλ ])
1 + 4τ2Ω2
,
Ψ0[Eµλ ] =
2
3
Ω(∇ · χ˜0[Eµλ ])−∇(Ω · χ˜0[Eµλ ]),
in terms of
χ˜0[Eµλ ] =
τEµλ − 2τ2Ω×Eµλ + 4τ3Ω(Eµλ ·Ω)
1 + 4τ2Ω2
. (45)
The last two lines in (44) stem from the magnetization current (11). Here we do not explicitly
present the consistency condition (19) for f2 since it is too lengthy, though it would have guaranteed
that the continuity equation is satisfied:
∂nλ
∂t
+∇ · jλ = 0.
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Now, to establish the vector and axial currents up to second order, it is sufficient to plug (42) and
(44) in (34).
A. The vector and axial currents
The current densities up to first order can be acquired by employing (41) and (42) in (34). In
fact one can show that the vector current density is
j(1) =
χ5
2
Ω− ~τ
2
∂χ5
∂t
Ω
+
χ
3
qτE − 2τ2qΩ×E + 4τ3qΩ(E ·Ω)
1 + 4τ2Ω2
−χ
3
τ∇µ− 2τ2Ω×∇µ+ 4τ3Ω(∇µ ·Ω)
1 + 4τ2Ω2
−χ5
3
τ∇µ5 − 2τ2Ω×∇µ5 + 4τ3Ω(∇µ5 ·Ω)
1 + 4τ2Ω2
, (46)
and the axial current density is
j
(1)
5 =
χ
2
Ω− ~τ
2
∂χ
∂t
Ω
+
χ5
3
τE − 2τ2Ω×E + 4τ3Ω(E ·Ω)
1 + 4τ2Ω2
−χ5
3
τ∇µ− 2τ2Ω×∇µ+ 4τ3Ω(∇µ ·Ω)
1 + 4τ2Ω2
−χ
3
τ∇µ5 − 2τ2Ω×∇µ5 + 4τ3Ω(q∇µ5 ·Ω)
1 + 4τ2Ω2
. (47)
The charge and axial charge susceptibilities χ and χ5 are given in (37).
Before proceed to present the higher order terms of the current densities, we would like to
elucidate (46) and (47): The first terms correspond to the chiral vortical and local polarization
effects, respectively. The second terms yield similar effects at the order of ~, associated to the time
derivatives of susceptibilities instead of the susceptibilities themselves.
To discuss the terms linear in the electric fieldE, first let it be parallel toΩ. Now the second lines
of (46) and (47), respectively, yield the Ohm’s law, jOhm = (qτχ/3)E, and the electric separation
effect, jsep = (qτχ5/3)E. Then let us focus on the case where E and Ω are mutually perpendicular.
For simplicity let us unify the vector and axial current densities linear in E as follows
J ≡ qα
1 + 4τ2Ω2
(
τE − 2τ2Ω×E) ,
where α = χ/3 for the vector current density and α = χ5/3 for the axial current density. We would
like to show that it yields a Hall-like current. For this purpose let Ω = Ωzˆ, and E = Exxˆ+ Eyyˆ.
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Thus Jz vanishes and the other components can be written as
Jx = a1Ex − a2Ey, (48)
Jy = a2Ex + a1Ey, (49)
where a1 =
qτα
1+4τ2Ω2 , a2 =
2qτ2αΩ
1+4τ2Ω2 . In the Hall effect there appears a current in the plane perpen-
dicular to magnetic field which is also perpendicular to the applied electric field. Hence we further
set Jy = 0 and express Ex in terms of Ey, which leads to
Jx = −σ(Ω)H Ey,
with the conductivity
σ
(Ω)
H =
(
a21 + a
2
2
a2
)
=
qα
2Ω
.
It is the Hall conductivity associated to the charge susceptibilities and to the effective magnetic field
proportional to 2Ω. It has been known that for the massive charge carriers there exist a rotational
analogue of the Hall effect due to the Coriolis force [29]. On the other hand we may express Ey in
terms of Ex, which yields
Jx = qταEx.
Hence the rotation of the coordinate frame does not alter the Ohm’s law and the charge separation
effect.
By inspecting (46) and (47) one observes that the above discussions are valid also for the currents
generated by the gradients of chemical potentials by substituting E with ∇µ or ∇µ5.
Although we postponed the discussion of the centrifugal force related terms until the Appendix
B, the second order current densities, (44), still possess too many terms. Thus we present only few
of them explicitly. The remaining ones can be read from (44). The gradients of chemical potentials
behave like the electric field. Thus, for simplicity we deal with the current densities associated to
E by setting ∇µλ = 0. Let us first deal with the mutually perpendicular electric field and angular
velocity: E ·Ω = 0. The vector current density can be shown to become
j
(2)
⊥ = −
τ2qχ
3(1 + 4τ2Ω2)
(
∂E
∂t
− 2τΩ× ∂E
∂t
)
− µ5
2π2~2
(x×Ω)×E
+
τ2
5π2~2
µ5Ω(∇ ·E)
(
2
3
− 7
30(1 + 4τ2Ω2)
− 1− 4τ
2Ω2
(1 + 4τ2Ω2)2
)
+
τµ5
15π2~2(1 + 4τ2Ω2)2
Ω
[
E · (x×Ω)(5 + 4τ2Ω2)− 4τ2(Ω×E) · (x×Ω)] . (50)
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The axial current density has a similar structure:
j
(2)
5 ⊥ = −
τ2qχ
3(1 + 4τ2Ω2)
(
∂E
∂t
− 2τΩ× ∂E
∂t
)
− µ
2π2~2
(x×Ω)×E
− q
2τ2
3π2~2(1 + 4τ2Ω2)
E2Ω
(
1 +
2 + 32τ2Ω2
5(1 + 4τ2Ω2)
)
+
τ2
5π2~2
µΩ(∇ ·E)
(
2
3
− 7
30(1 + 4τ2Ω2)
− 1− 4τ
2Ω2
(1 + 4τ2Ω2)2
)
+
τµ
15π2~2(1 + 4τ2Ω2)2
Ω
[
E · (x×Ω)(5 + 4τΩ2)− 4τ2(Ω×E) · (x×Ω)] . (51)
We have employed ∇ × E = 0 which follows from the Maxwell equations, (1), in the absence
of magnetic field. Let now E and Ω be parallel to each other. The second order vector current
density is obtained as
j
(2)
‖ = −
τ2qχ
3(1 + 4τ2Ω2)
(
∂E
∂t
+ 4τ2Ω
∂E
∂t
·Ω
)
+
µ5
2π2~2
(x×Ω)×E
− µ5τ
2
5π2~2(1 + 4τ2Ω2)
(∇ ·E)Ω
(
5
2
+
16τ2Ω2
3
+
1
1 + 4τ2Ω2
)
− 4τ
2µ5(3 + 8τ
2Ω2)
15π2~2(1 + 4τ2Ω2)2
Ω2(x ·E)Ω− 2τµ5
15π2~2
EΩ(x×Ω). (52)
Obviously, the second order axial current density has the similar form
j
(2)
5 ‖ = −
τ2qχ5
3(1 + 4τ2Ω2)
(
∂E
∂t
+ 4τ2Ω
∂E
∂t
·Ω
)
+
µ
2π2~2
(x×Ω)×E
− τ
2
15π2~2(1 + 4τ2Ω2)2
E2Ω
(
3 + 16τ2Ω2 − 104τ4Ω4 − 64τ6Ω6)
− µτ
2
5π2~2(1 + 4τ2Ω2)
(∇ ·E)Ω
(
5
2
+
16τ2Ω2
3
+
1
1 + 4τ2Ω2
)
− 4τ
2µ
15π2~2(1 + 4τ2Ω2)2
Ω2Ω(3 + 8τ2Ω2)E · x
− 2µτ
15π2~2
EΩ(x×Ω). (53)
Some comments are in order. When electric field does not depend explicitly on the direction of
local position, all the explicitly x dependent terms vanish when one considers the total current
jt ≡
∫
d3xj. In a frame moving with the velocity v = Ω × x, the magnetic field appears as
B′ ≈ B − v × E, at the leading order in the Lorentz transformations. Although we have set
B = 0, as the reminiscent of Lorentz transformation we obtain the last terms in the first lines of
(50)-(53). Actually the x dependent terms are related to the linear velocity v of the rotating frame.
The first two terms of (50)-(53), which are linear in the time derivatives of the electric field generate
current densities which are the counterparts of the electric field dependent terms in (46) and (47).
One can observe that in the vector current densities (50) and (52) only the terms proportional to
16
∂E/∂t survive for a vanishing axial chemical potential. In the axial current densities (51) and (53)
the same situation occurs when the total chemical potential vanishes.
The current densities generated by the gradients of chemical potentials behave mostly like the
current densities generated by the electric field. However there are also nonlinear currents which
are proportional to ∇µ×E, , ∇µ5 ×E and Ω(∇µ)2, Ω(∇µ5)2.
VI. THE WEAK FIELDS APPROXIMATION
For small relaxation time which corresponds to large collision rate the solutions of kinetic equa-
tion (29), (30) simplify considerably. Now, besides E one can also regard Ω andB as perturbations
[15]. We would like to calculate the current densities and the evolution equations in time of the chi-
ral chemical potentials under these assumptions. We deal with the electromagnetic fields, angular
velocity and the derivatives of chemical potentials up to second order. As usual the derivatives of
electromagnetic fields are viewed as second order. One can easily read the first order distribution
function from (29) as
(f
(1)
W )
i
λ =
τDiλ
T
pˆ · (qiE −∇µλ) ,
where we set ∂µλ/∂t = 0, which follows from the consistency condition (19) as it can be deduced
from (43). Therefore, ∂µλ/∂t is handled as second order. Both (29) and (30) possess terms which
are second order in E, B, Ω,∇µλ, which can be shown to yield
(f
(2)
W )
i
λ =
τqiD
i
λ
T
pˆ ·
[
−gAi ×Eiµλ + bλi (Eiµλ ·Ai)−Eiµλ(bλi ·Ai)
]
− τD
i
λ
T
∂(χ0iλ · p)
∂t
−τD
i
λ
T 2
(
qi(1− 2f0)(χ0iλ · p)(pˆ ·Eiµλ) + T
∂(χ0iλ · p)
∂p
· e+ T pˆ · ∂(χ
0
iλ · p)
∂x
)
−τD
i
λ
T
∂µλ
∂t
+
qiτD
i
λ
T
(pˆ ·Eiµλ)(pˆ · (x×Ω))−
qiτD
i
λ
T
(E × bλi ) ·∇µλ, (54)
where χ0iλ is defined by (27) after substituting q and µ with qi and µλ.
The consistency condition (19) for (f
(1)
W )
i
λ + (f
(2)
W )
i
λ can be computed as follows
3µλ
2 + π2T 2
6π2~3
∂µλ
∂t
+
µλ(µλ
2 + π2T 2)
3π2~3
Ω2 − λq
4π2~2
Eµλ · (qB + 2µλΩ)
+
qτ
3π2~3
µλEµλ ·∇µλ +
qτ(3µλ
2 + π2T 2)
18π2~3
∇ ·E′µλ = 0, (55)
where E′µλ = E + (Ω×x)×B − 1q∇µλ. The chiral current density up to second order is obtained
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as
jWλ =
qλ
4π2~2
µλB +
λ(3µλ
2 + π2T 2)
12π2~3
Ω+
qλµλ
4π2~2
(x×Ω)×E
+
τq(3µλ
2 + π2T 2)
18π2~3
Eµλ −
qτ2(3µλ
2 + π2T 2)
18π2~3
∂E
∂t
− q
2τ2
6π2~3
µλ(B ×Eµλ)−
qτ2(3µλ
2 + π2T 2)
9π2~3
(Ω×Eµλ)
+
qτ(3µλ
2 + π2T 2)
18π2~3
(Ω× x)×B + τµλ(µλ
2 + π2T 2)
6π2~3
(Ω× x)×Ω
+
τλq
12π2~2
(µλ∇×E −E ×∇µλ). (56)
Here the last line comes from the magnetization current (11). The vector and axial currents can
be acquired by inserting (56) into (34).
A. Currents and the continuity equations
By summing (56) over λ one establishes the vector current as
jW =
qµ5
2π2~2
B +
~χ5
2
Ω− qµ5
2π2~2
(Ω× x)×E
+
τqχ
3
E − τχ
3
∇µ − τχ5
3
∇µ5 − τ
2qχ
3
∂E
∂t
−q
2τ2µ
3π2~3
B ×E + qτ
2
6
B ×∇χ
−2qτ
2χ
3
Ω×E + 2τ
2
3
Ω×∇n
+
qτχ
3
(Ω× x)×B + τn(Ω× x)×Ω
+
τq
6π2~2
(µ5∇×E −E ×∇µ5). (57)
On the other hand the summation of (55) over λ yields the condition
+χ5
∂µ5
∂t
+ χ
∂µ
∂t
+
q
2π2~2
B ·∇µ5 + ~
2
Ω ·∇χ5 − qµ5
π2~2
E ·Ω
+
qτχ
3
∇ ·E + qτχ
3
Ω ·B − τχ
3
∇2µ− τχ5
3
∇2µ5 + 2τnΩ
2
+
qτ
3
E ·∇χ− τ
3
∇χ ·∇µ− τ
3
∇χ5 ·∇µ5 = 0. (58)
One can check that by virtue of (58) the electric charge is conserved:
∂n
∂t
+∇ · jW = 0.
Recall that we use particle number and current densities, so that the electric charge and current
densities are given by qn and qjW .
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By plugging (56) into (34), the axial current can be shown to be
jW5 =
qµ
2π2~2
B +
~χ
2
Ω− qµ
2π2~2
(Ω× x)×E
+
τqχ5
3
E − τχ5
3
∇µ− τχ
3
∇µ5 − τqχ5
3
∂E
∂t
−τ
2q2µ5
3π2~3
B ×E + qτ
2
6
B ×∇χ5
−2qτ
2χ5
3
Ω×E + 2τ
2
3
Ω×∇n5
+
qτχ5
3
(Ω× x)×B + τn5(Ω× x)×Ω
+
τq
6π2~2
(µ∇×E −E ×∇µ). (59)
Equation (55) in addition to (58) leads to the condition
χ
∂µ5
∂t
+ χ5
∂µ
∂t
+
q
2π2~2
B ·∇µ+ ~
2
Ω ·∇χ− qµ
π2~2
E ·Ω− q
2
2π2~2
B ·E
+
qτχ5
3
∇ ·E + qτχ5
3
Ω ·B − τχ5
3
∇2µ− τχ
3
∇2µ5 + 2τn5Ω
2
+
qτ
3
E ·∇χ5 − τ
3
∇χ ·∇µ− τ
3
∇χ5 ·∇µ5 = 0, (60)
which is acquired by multiplying (55) with λ and then summing over it, similar to the definition
of the chiral current (34). By making use of the consistency condition (60), one can show that the
chiral 4-current satisfies the anomalous continuity equation
∂n5
∂t
+∇ · jW5 =
q2
2π2~2
E ·B.
The time evolution equations of the total and chiral chemical potentials, µ, µ5, are given by the
coupled equations (57) and (59).
For Ω = 0 we obtain the results reported in Ref.[19].
The first two terms in (57) are the chiral magnetic and vorticity effects. In (59) the first and
second terms, respectively, are the chiral separation and local polarization effects. In a frame
moving with the velocity v, the Lorentz transformed magnetic field can be approximated as B′ ≈
B − v ×E. Actually the first and third terms in (57) and (59) are exactly in this form, where the
linear velocity is due to rotation: v = Ω× x.
For the linear terms in E we can adopt the discussions given in Section V: First let E be
parallel to both B and Ω. Then as before the vector current density yields the Ohm’s law, jOhm =
(qτχ/3)E, and the chiral current density leads to the electric separation effect, jsep = (qτχ5/3)E.
When the magnetic field and angular velocity are both in the z−direction, we obtain the currents
(48)-(49) but now a1, a2 are given by a
V
1 = qτχ/3, a
V
2 =
q2τ2µ
3pi2~3B +
2qτ2χ
3 Ω for the vector current
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density (57) and by aA1 = qτχ5/3, a
A
2 =
q2τ2µ5
3pi2~3 B +
2qτ2χ5
3 Ω for the axial current density (59).
Hence, the conductivity
σ
(Ω,B)
H =
qχ2 + τ2
( qµ
pi2~3B + 2χΩ
)2
3qµ
pi2~3B + 6χΩ
is independent of the relaxation time in the limit τ ≪ 1 :
σ
(Ω,B)
H ≈
χ2
3qµ
pi2~3
B + 6χΩ
.
This is the Hall conductivity associated to the effective magnetic field Beff = B + 2(χ/µ)Ω. The
same discussion can be done for the axial current (59) by substituting χ and µ with χ5 and µ5.
The last terms of the third and fourth lines of (57) and (59) obviously yield Hall-like currents
associated to the gradients of the susceptibilities ∇χ,∇χ5 and the number densities ∇n,∇n5,
instead of the electric field E. The second and third terms in the second line of (57) and (59) are
diffusion current densities. The first terms of the last lines of (57) and (59) which depend on both
Ω and B, combined with the first terms of the second lines which are linear in E, can be written
in terms of the electric field in rotating coordinates, E′ = E + (Ω× x)×B. The last terms in the
fifth lines of (57) and (59) are clearly due to the fictitious centrifugal force. Magnetization current
produces the last two terms of (57) and (59).
VII. CONCLUSIONS
In coordinates rotating with a constant angular velocity the kinetic equation of charged particles
in the presence of electric and magnetic fields is studied by means of the relaxation time approach.
We solved the Boltzmann transport equation approximately up to second order in the electric field
expressed in rotating coordinates. We calculated currents following from the collision terms for hot
chiral plasma by taking into account both particles and antiparticles. We considered first the chiral
plasma for vanishing magnetic field. We found that there are several new terms as well as some
known ones due to Coriolis and centrifugal forces. We then studied chiral plasma for weak fields
in the small relaxation time regime. We showed that angular velocity generate currents similar
to magnetic fields. Collision terms should respect the particle number, which is guaranteed in
terms of the consistency condition (19). It gives the equations which should be satisfied by the
inhomogeneous kinetic potential and electromagnetic fields which evolve according to the Maxwell
equations in rotating frames, (1). In fact these conditions are essential to show that the particle
4-currents obey the continuity equations with the chiral anomaly.
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Appendix A: Equilibrium distribution function
Consider the Lorentz scalar equilibrium distribution function (20) where the linear velocity
is due to rotation, v = Ω × x, and p0 is given by the fully fledged dispersion relation, (4), by
expanding it in Taylor series as
f ieqλ =
1
e[E
λ
i −p·(Ω×x)−sign(qi)µλ]/T + 1
≈ f0iλ −
∂f0iλ
∂p
[
p2(bλi ·Ω) + qip(bλi ·B) + p · (Ω× x)
]
+
∂2f0iλ
∂p2
[
p2(bλi ·Ω) + qip(bλi ·B)
]
p · (Ω× x). (A.1)
If one would like to use of it in calculating the chiral number density, one should set Ω× x = 0 in
(5) and define
nλi =
∫
d3p
(2π~)3
[1 + bλi · (qiB + 2pΩ)]f ieqλ.
Its explicit calculation leads to
nλi =
∫
dp
2π2~3
{
p2f0iλ −
qλ~
6
p
∂f0iλ
∂p
B · (Ω× x)
+
qλ~
6
∂2f0iλ
∂p2
p2B · (Ω× x)
}
=
µλ
6π2~3
(µ2λ + π
2T 2) +
qµλ
4π2~2
B · (Ω× x). (A.2)
It is the same with the number density (33), which was obtained from (5) after setting νλ0i = p and
by taking f0iλ as the equilibrium distribution function. It is worth noting that even if Ω = 0, for
particles moving with the velocity v, in the number density there will be the term qµλ4pi2~2B · v, due
to the equilibrium distribution
f ieqλ =
1
e[1−qip(b
λ
i ·B)−p·v−sign(qi)µλ]/T + 1
,
and (
√
ω)λi = 1 + qib
λ
i ·B.
We would like to clarify that our formalism takes into account rotation correctly when we employ
f0iλ . In [21] for B = E = 0, the current is defined as
J =
∑
i
sign(qi)
∫
d3p
(2π~)3
(
pˆf ieqλ −
pˆ
2p
×∇f ieqλ
)
,
21
where the latter term is due to magnetization. Now, by keeping the first order terms in (A.1) for
small Ω× x, one obtains
J =
λ(3µλ
2 + π2T 2)
12π2~2
Ω.
It is the same with chiral magnetic effect which we reported in (41), obtained by (6) and f0iλ .
Let us now show that using energy (4) and (A.1) or p0 = p and f
0i
λ yield the same current when
the system is in equilibrium. In equilibrium Lorentz and centrifugal forces vanish: e = 0. Using E
and (A.1) for e = 0 and vanishing centrifugal term, (Ω× x)2 = 0, (10) yields
jλi =
∫
d3p
(2π~)3
{νλ0i + (bλi · pˆ)(qiB + 2pΩ)}f ieqλ
=
∫
4πdp
(2π~)3
~λsign(qi)Ω
{2p
3
f0iλ −
p2
6
∂f0iλ
∂p
}
+
∫
4πdp
3(2π~)3
~λqB
{
f0iλ −
p
2
∂f0iλ
∂p
}
=
λ(3µλ
2 + π2T 2)
12π2~3
Ω+
qλ
4π2~2
µλB, (A.3)
for small Ω× x. It is equal to the first two terms of (56), which were obtained by p and f0iλ .
Appendix B: Fermi-Dirac integrals
The Fermi-Dirac integral of integer order is defined in terms of the Fermi-Dirac distribution as
Fk(µ) ≡
∫ ∞
0
dppkf0.
For k 6= 0 one can easily observe that
dFk(µ)
dµ
= kFk−1(µ). (B.1)
Integrals are performed in terms of the gamma functions and polylogarithms (see [30] and the
references therein) as
Fk(µ) = −T k+1k! Lik+1(−eµ/T ), k = −1, 0, 1 · · · (B.2)
The polylogarithms Lis can be defined as series expansion Lis(x) =
∑
n=1(x
n/ns), where
Li0(x) =
x
1− x, Li1 = − ln(1− x).
From (B.1) and (B.2) we acquire the integrals which we need:∫ ∞
0
dppkDλ = −T k+1k! Lik(−eµ/T ), k = 0, 1, · · ·∫ ∞
0
dppkDλ(1− 2f0) = −T k+1k! Lik−1(−eµ/T ), k = 1, 2, · · · ,
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where
df0
dp
= −df
0
dµ
= − 1
T
Dλ
Some relations which we use in our calculations are:
1
1+ex +
1
1+e−x
= 1
ln(1 + ex)− ln(1 + e−x) = x
Li2(−ex) + Li2(−e−x) = −pi26 − x
2
2
Li3(−ex)− Li3(−e−x) = −x36 − pi
2x
6
Li4(−ex) + Li4(−e−x) = −7pi4360 − x
4
24 − pi
2x2
12 .
Appendix C: The centrifugal terms for B = 0
The chiral current densities given by the centrifugal force dependent terms of f2 are calculated
as
jλ(f
2) =
λτΩ
π2~3
{
1− 8τ2Ω2
30(1 + 4τ2Ω2)
[
µλK(Eµλ ,Ω
2) +
(π2T 2 + 3µ2λ)
3
K(Ω2,Ω2)
]
+
3 + 32τ2Ω2
30(1 + 4τ2Ω2)
[
µλL(E,Ω
2) +
(π2T 2 + 3µ2λ)
3
L(Ω2,Ω2)
]
− τ
5(1 + 4τ2Ω2)
[
µλM(Eµλ ,Ω
2) +
(π2T 2 + 3µ2λ)
3
M(Ω2,Ω2)
]
− τ
3(1 + 4τ2Ω2)
[
µλN(E,Ω
2) +
(π2T 2 + 3µ2λ)
3
N(Ω2,Ω2)
]}
+
~λτ2
30π2~3(1 + 4τ2Ω2)
µλH(Eµλ ,Ω
2)− 2~λτ
2
π2~3(1 + 4τ2Ω2)
µλT (Eµλ,Ω
2)
− 7~τ
2
30π2~3
µλ[(Ω × x)×Ω](Eµλ ·Ω) +
4~λτ5Ω4
30π2~3(1 + 4τ2Ω2)
(π2T 2 + 3µ2λ)Ω
− ~τ
6π2~3
µλ(µλ
2 + π2T 2)
∂χ˜0λ[Ω
2]
∂t
+
~λτ
12π2~3
µλ[(Ω× x)×Ω]×∇µλ
− τλ~
3~3π4(1 + 4τ2Ω2)
µλ{[(Ω × x)×Ω]×∇µλ − 2τΩ2(Ω× x)×∇µλ}.
The last line is the contribution of the magnetization current (11). We introduced some functionals
which depend on
χ˜0[Ω2] =
τ(Ω× x)×Ω− 2τ2Ω2(Ω× x)
1 + 4τ2Ω2
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and χ˜0[Eµλ ] given in (45), as
K(Eµλ ,Ω
2) = χ˜0[Eµλ ] · [(Ω× x)×Ω] + χ˜0[Ω2] ·Eµλ ,
K(Ω2,Ω2) = χ˜0[Ω2] · [(Ω× x)×Ω],
L(E,Ω2) = χ˜0[Eµλ ] · [(Ω× x)×Ω] + χ˜0[Ω2] ·E,
L(Ω2,Ω2) = χ˜0[Ω2] · [(Ω× x)×Ω],
M(Eµλ ,Ω
2) = Eµλ · (Ω× χ˜0[Ω2]) + [(Ω× x)×Ω] · (Ω× χ˜0[Eµλ ]),
M(Ω2,Ω2) = [(Ω× x)×Ω] · (Ω× χ˜0[Ω2]),
N(E,Ω2) = E · (Ω× χ˜0[Ω2]) + [(Ω× x)×Ω] · (Ω× χ˜0[Eµλ ]),
N(Ω2,Ω2) = [(Ω× x)×Ω] · (Ω× χ˜0[Ω2]),
H(Eµλ ,Ω
2) = χ˜0[Ω2]{(Eµλ ·Ω)(6 + 12τ2Ω2) + (E ·Ω)(1− 8τ2Ω2)},
T (Eµλ ,Ω
2) = Ω× χ˜0[Ω2]
(
Eµλ ·Ω
10
+
E ·Ω
6
)
.
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